11. cviceni - feSeni
Priklad 1 (a) [ 2% — 2z + 1dz

7 4 7
8
/ 23— 2z + 1dx = [Z—xﬂ—x} = <—49+7>—<4—9—3> = 580 — 40 + 10 = 550
-3 _3

Priklad 1 (b) [;'|1 — z|dz
Pouzijeme aditivitu integralu

3 1 3 2211 22
/|1x|d:p:/ lscd:c+/ :Eld$:|:l‘:| +[:U] =
0 0 1 2 ]y 2 1

1 02 9 1 1 3 1 5
=l1-=]—-(0—— - —3)—-|==-1]==-04+=-+=-==
(-3) (%)« (G3)-(G)=a-0+3+3-3

Piiklad 1 (c) f027r 2sin? xdx

27 27 27
: lin. : . PP .
/ 2sin? zdz = 2/ sinz -sinz = 2[—smxcosx]g7r—2/ — cos? zdx =
0 0 0
9 2 9 2
= 2[—sinzcosz];" — 2/ —(1 —sin*z)dx = 2 [~ sinz cos ]" — 2/ sinz — 1dz =
0 0
9 2 9 9 27
= 2[—sinzcosz];" — 2/ sin? zdx + 2 [2]5" = 2 [z — sinz cosz];" — / 2sin? zda
0 0

27 2
= 2/ 2sin? xdz = 2 [z — sinz cos z])" = / 2sin? vde = [z — sinw cos2];" =
0 0

= (27 —sin (27) cos (2m)) — (0 — sin 0 cos 0) = 27

Piiklad 1 (d) [T |logz|dx
Pouzijeme aditivitu. Navic plati: [logzdz = zlogz — z. (znémo z predchozich cviceni, lze spocist
pomoci per partes).

+ [zlogz — x| =

Q=

e 1 e
/ |log z|dx = / —log zdx +/ log zdx = [x — x log x|
1 1 1

1 1 1 1 1
:(1—0)—<—log>+(eloge—e)—(0—1):1—+(log1—loge)~|—e—e+1:
e e e e e

1 1 2
—l—-——41=2-"
& & &

Priklad 1 (e) [ 2% cos® zdx
Vyse jsme spocetli, ze [ sin? zdx = % (x —sinz cosx). Z toho plyne:

1 1
/COSdex—/1—sin2xdx—x—/sin2x—w—2(x—sinxcosx)—2(m+sinxcosx)
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Ziskanou rovnost vyuzijeme nize.

™ 1 7T s 1
/ 22 cos? zdx 2 [xQ (x + sinz cos x)] — / 20— (x +sinzcosz)dr =

0 2 o Jo 2
™

1 U
= [ 22(33+smxcosx)] —/ z? + zsinz cos zdx =
0

0
21 ) 1'3 a0 T )
= |z §(x+s1n:zcosx)—— - x sin x cos xdx
o Jo

Spocteme [ x sinx cos xdz pomoci per partes.

2

/sinxcosxde:P—COSQm—/(—cosa:)(—sinx)dx = /sinancosacdgcé—cos2 T
2 2 2
1
wsinzcosadr = — o0 Ly [ 5 T o T x+f(x+sinxcosx)
2 2 2 4
Dosadime do predchoziho vypoctu.
1 x3 ™ ™
|:J}22($—|—Sin$COS$)—:| —/ xsinx cos xdr =
0 0
x3+$2 Sin 2 cos 3 reos?lz 1 sinzcosz]”
=|—+4+ —sinzcosr — — ——r—— =
2 2 3 2 4 4 0
x3+ac2 . +ICOS2JJ 1 sinzcosz]” 7T3+7T T 0 7r3+7r 27
= |—+4 —sinzcosz - =(—=—4+=-—-]-0=—+-=
6 2 2 4 4 0 6 2 4 6 4
Priklad 1 (f) fo\/g:varctanxdx
V3 pp |22 V3 V32 41—
rarctanzdr = |— arctanz - = 7d:1::
0 2 0 2 0 1+£U2
Z et v 1/\/3101 +1/ﬁ L= [ aret 4 Lares v
= | —arctanzx - = T+ = ———dx = | —arctanx — — + — arctanx =
2 0 2 Jo 2 Jg x2+1 2 2 2 0
1 3 1
:(2arctan\/§—\[+arctan\f> <0-arctan0—0+2arctan0>:2-7?: \g 5 g

27r V3

3 2

Piiklad 1 (g) f()% e” sin xdx

. PP PP . .
/ex sinzdr = —e® cosz + /ew coszdr == —eTcosz +e*sinz — /ex sin xdz

: 1 :
== /e"” sin xdr = 561 (sinz — cos )
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s jus
2

2 1
/ e’sinzdr = [e’” (sinz — cos x)] =
0 2 0

jus
ez +

DO | =
N =

e3 (1—0)—360(0— 1) =

DO | =

Priklad 1 (h) [} ze *dz
/xe_xdx e + /e_xdx = _ge T —e"

log4 logd — 1 1 1 log2 3
/ e de = [—we — o] = BTl g0y Ligygegy Ly g2 3
0 4 4 2 4

0 elog4

Priklad 1 (i) [, /1 — cos 2azdz

/\/1 — cos 2xdx = / \/1 — (cosQ:c — sin2x)dx = / \/1 —cos? x + sin? xdz = / vV 2sin? zdz
107 /T —cos2zdz = 5 fo% v/1 — cos 2zdz.

7 aditivity integralu a periodicity funkce sin z dostavame: fo
Dale:

27 27 T 27
V1 —cos2zxdzx = / V2sin? zdz = / V2sin? zdz + V2sin? zdz =
0 0 0 T
27

T 27
=/ \@sinwdx—/ V2sinzdx = [—\/icosx];r—l— [\@cosx} =
0 T T
=V24+V24+V24+V2=4V2
Dostavame tedy, ze OIOW V1 —cos2xdx =5 f027r V1= cos2zdr =5 - 42 = 20V/2.

Priklad 1 (j) [y «'5v1+ 328dz

V substituci nize si uvédomme, Ze funkce z +— 1 + 3% je na intervalu (0, 1) ryze monoténni.

1
/ V14328 = |y =1+ 32% dy = 2427dz,0 - 1 +3-0°=1,1 - 1+3-1°=4| =
0

4 4 4
y—1 lin. 1 3 1 112
/1 3. VIV T g | VTV 5 [5y

_gy] -
1(%_%)_ 1 <2_2> 29

Nl

1
“ 72\ 75 3 72\5 3) " 270

< 2 1
Pitklad 1 (k) )’ s5mseesd2
V substituci niZe si uvédomme, Ze funkce = +— tan z je na intervalu (O, %) ryze monotoénni, analogicky

2
pro t — t\@.
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2 1 us & 1 1
— 5 dx:‘t:tanx,()%(),f%oo‘: P sdt =
0 2sin®x +3cos?x 2 0 275 +35e 1+t

1 4 ¢2 1 S| . 1 [ 1
:/ 72* .th:/ 5 dtlg'/ ——dt =
0 2243 1+t 0o 2t2+3 3 /o 1+(\/

f)

—u-t\/idu—\/7d2€0—>()oo—>oo1E 3\[/ 1—|—u2
= — [arctan u]2° — | lim arctanu ) — — - arctan) = ——
oy 27 1
Priklad 1 (1) fO (2+cos z)(3+cos x) dz

Provedeme substituci ¢ = tan §, kterou je mozné provést na intervalech (—m + 2km,m + 2k7) , k € Z.
Proto interval (0, 27), na kterém integrujeme, rozdélime na (0, 7), (7, 27) (diky aditivité integralu).

V substituci niZe si uvédomme, ze funkce x + tan § je na intervalu (0,7) i na intervalu (,2m) ryze
monotonni.

i 1 x & 1 2
or G+ )dx:’t:tan2,0—>0,7r—>oo’: - - .1—|—t2dt:
cos T cos T - -
o (o) (0 )

_/00 (1+1t%) 2 dt_/m 24262
o (2+2t2+1—t2)(3+3t2+1—t2) 1+t2 o (24322 4+4)

h“'/oo 2 L {2 t £ t]oo
= _— = arctan —— arctan —
o t?+3 t242 V3 \f \f V2

0
—<hm arctant 1arctan t >—0VO—LSF 2 T_ 1 T_T©™_ T
A g R T g e g V32 Va2 B VB
27 1 T
/ dx:)t:tanf,ﬂﬁ—oo,QTr%O‘:
» (24 cosx)(3+cosx 2
0

1 2
~ (o 5) (s 38) 7
li:n'/ L—Ldt: { 2 arctan — t 1 arctant]o =
o243 1242 V3 V3 V2 V2] o
Pt oof NG V2 V3 2 V22 V3 V8

ﬁﬁ

27 s 1 27 1
dz = d dr =
/0 (24 cosz)( 3+cosx) v /0 (24 cosx)(3 + cosx) x—i—/ﬂ (24 cosx)(3 + cosx) v
2m T

V3 V2

Priklad 2 (a) [°, |z|dz.
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Vyuzijeme aditivitu integralu (x — |x| je spoj. fce v 0) a definice absolutni hodnoty, kterou tu pro
pofadek pripomenme.
x, z € (0,2)
0,—z, z€(-1,0)

2 0 2 0 2 22 0 22 2
/ |z|dx :/ \m'Idx—l-/ |:cdx:/ —a:da:+/ rdx = [—] + [] -
-1 —1 0 -1 0 2 1 2 0

:0_<_(_1)2>+22_0:5

Ziejmé |x| = je spojita funkce.

2 2 2

Piiklad 2 (b) [71 |1 — 2| + |1 + z|d.
3

2z, r< -1
Plati: f(z) = |1 —z|+ |1 +z| = <2, z € [—1,1] je spojita funkce. Pouzijeme aditivitu
2z, z>1
integralu.

i 1 T
/ \1—x\+]1+x\dx:/ \1—m\+\1+m\dm+/ 1 — x|+ |1+ z|dx =
1

wl—

1
3

1 s
—/ 2dz —|—/ 2wdr = [22]" 1 + [xz];r =
1 3

Wl

2

5
:2+ +7T2—1:§—|—7r

Wil N

3
Piiklad 2 (c) [ max{1,z?}dz.
2

22, r<—-1va>1. - e )
je spojita. Pouzijeme aditivitu integralu.
1, zel-1,1]

Plati: f(x) := max{1,2%} = {
: ! : gk 197
ﬁQ max{l,xz}dx:/l 1dx+/2x2dx:[x}11+ [x] :1—5—1- :
1 1 1 2
2 2

Priklad 2 (d) [', e lda.
e, 1z e (—o00,0]
e ®, z€(0,00)

1 0 1 2
1 1 2e—e—1
/ e 1*ldz = / e’dx +/ e *dx = [ea”]o_2 + [—e_ﬂ(l] =1l-=—-——-+4+1= %
—2 -2 0

Plati f(z) := e 1l =

je spojita funkce na R. PouZzijeme aditivitu integrélu.

e
Priklad 2 (e) [ % |sinz|dz.
12

sinx, x€2km,(2k+1)n],keZ
—sinz, ze€ (2k+1)m, (2k+2)7),keZ
Jde o spojitou funkci, tedy lze pouzit aditivu integrélu, vyjde-li ndm definovany vyraz.

f(z) :=|sinz| =
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Uvédomme si, kde na realné ose jsou 7%77 a fzw Plati
17 3
2 < ——n<-—1<—-7m<0.
12 4
Nyni si mizeme uvédomit, Ze
) sin z, T € ( gw 7T),
|sinz| = ) 3
—slnr, x¢€ (—71', 7Z7T>

17 17

3 3
—am —m -3 B _3.
/ |sinz|dz = / sin zdx +/ —sinzdz = [~ cosz] 17 +[cosz]_; =

-7 -7 -7 12
= —cos(—m) + cos 7 + cos ) - cos(—7) = cos 17 + cos 3 +2
= ™ TH i ) = TH i

Pro racionélni funkc1 R(x y) = ﬁ plati R(—sinz,—cosz) = R(sinz,cosz). Budeme tedy volit
substituci ¢ = tanx pro vypocet primitivni funkce na intervalech (—g +km, 5+ k7r) ,k eZ.
™ w 3 7
—g < 5 < §7T < gﬂ'
Integrovand funkce je v bodé 5 spojitd, 1ze proto pouzit aditivitu integrélu
V substituci niZze si uvédomme, ze funkce x — tanz je na intervalech ( % 2) (%, %77) , (%ﬂ', %77) ryze
monotoénni, analogicky pro t — /2 na pifslusnych intervalech.

W~

7 ™ 3

e 1 2 1 2" 1 m 1
it [ et [ et [ e
-z 1+ sin“x _§1+Slnx =~ 1+4sin“x 3r 1 +sin“x

2

t =tanx, de = 1Jr%dt
—% — tan (—%) = —/3, 5— — 00
B §+ — —00, %71’— — 00 -
%7(4- - —00 %ﬂ — tan (%W) =3

S R -t Syt = [ = 0v/2,du = Vi =
/_\/§2t2+1 +/_0021t2+1 +/ 2t2+1 uw=1v2,du=v2

:\/i/_\/gu2+1 / 1—|—u2 f/ 1—|—u2

1
larctan u]™,_ + —= [arctan u]‘/é =

\@ V2

( lim arctanu — arctan(—v/6) + lim arctanu — lim arctanwu + arctan(v6) — lim arctan u> =

U—00 U— 00 U——00 U——00

[arctan u]™ 5 + —=

&\HE\HE\H

(277 +2 arctan(\/6)> =2 (7r + arctan(\f6)>

cos z+2
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Pro R(x,y) := ﬁy—i—? neplati ani jedno z nasledujiciho: R(—sinz,cosz) = R(sinz, cos z), R(sinx, — cos ) :|
—R(sinz,cosz), R(—sinz, —cosx) = R(sinz,cosz). Proto budeme volit substituci ¢ = tan§. Tu lze
provést pouze na intervalech (—m + k27,7 + k27),k € 7Z. Budeme pak tedy muset v bodech 7w + k27w
integral rozdélit.

Integrované funkce je v bodé —m spojita, lze proto pouzit aditivitu integrélu

V substituci nize si uvédomme, Ze funkce x — tan § je na intervalech ( 27?, 7r) , (=7, 0) ryze monoton-

ni, podobné pro t > t\}l

0 1 o 1 0 1
/ : dx:/ : dﬂU-l—/ . do =
_%ﬂsmx—i—cosx—i—Q —3x sinx 4 cosx + 2 _zSinx +cosx + 2

t = tan 3, dx = 1ft2 dt
= —%77+—>tan (—%7‘(‘) =1, —7m— —o00|™
—7T+ — —00, 0—0

Sy E S N
- 112 ’ 2 268 112 ' 24~
1 gEtget? Tt e tmet2 1Tt

_ t+1 1
0
@ ! dt + dtzlﬁl—\/z 00— 00 | =
1 t+1 2 — t+1 2 \/5

—OO—>—OO, —>%
m. f
Ve[ e va [

vz uf+ u+1

1

= V/2[arctan ul 75 + V2 [arctanu] V2, =

1
=2 ( lim arctanu — arctan(v/2) + arctan (\@) — lim arctan u) =
1

U—+00 U—>—00
1 T
= \/5 (7T — arctan \@ + arctan () + ) = \/5 <7r + arctan () — arctan \/5 )
@) . 1 2 142 2 2
: 1—¢2 ) 2 = — 2 2" 27 2 -
1+t2_|_1+t2_|_2 14+t 20+1—t4 4242t 1+t t“+2t+3
_ 9 1 _ 1
T D242 )2
(2) +1
.. 0 1
Prlklad 2 (h) J;ﬂ_ mdl‘

Pro R(z,y) = m plati nasledujici: R(—sinx,—cosx) = R(sinz,cosz). Budeme tedy volit
substituci ¢ = tan x, coZ lze provést pouze na intervalech (—% +km, 5+ k:7r) ke Z.

Integrovand funkce je v bodé —F spojité, lze proto pouzit aditivitu integréalu.

V substituci nize si uvédomme, ze funkce x — tan x je na intervalu (—77, —g) , (—g, 0) ryze monoténni,

analogicky pro t — t\‘/*ll
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INIE]

0 1 - 1 0
- dx = - dz +
_r3cos?x +sin2zx + 1 _x 3cos?x 4+ 2sinzcosx + 1

INE]

_ _ 1
t =tanx, dx—H—ﬁdt
= |—m — tan(—m) = 0, —%i——>oo =
—5+ — —o0, 0—0

° 1 1
1 ¢ ' zdt

1

0
—i—/ 1 1 dt
1 i ) 2
00 3 +271+t2+1 1+t

3cos?2x + 2sinxcosx + 1 v

+2
_ 4l _ L
U= du—\/gdt
F) 1 [ 1 10 1
(:)/ . dt+/ ——dt = 0_>%, 00 — 00
BSOS CORS
—00 — —00, O—>i3
- ([arctanu]oo + [arctan u] ) _ L (E 040+ E) _ T
V3 0 —o0 3\2 2) = 3
()-)-) 1 r 1+t2 1 1 B 1 1
Bl toply 1 1+ 342+ 1482 1+ £2+2+4 (t+1)°+3 3 (@)QH
V3
Priklad 2 (i) [~ L

% 6 cos2 z+4 sin x cos z+sin? = z
Pro R(z,y) =

W plati R(—sinx,—cosx)
t = tanx, coz lze provést pouze na intervalech (—g +km, 5+ kﬂ) k€ Z.

R(sinx,cosx). Budeme tedy volit substituci

Integrovand funkce je v bodé 5 spojitd, lze proto pouzit aditivitu integralu.

V substituci niZe si uvédomme, Ze funkce x — tanx je na intervalu (
analogicky pro t — 2

Noh

% %) , (;ﬂ) ryze monotonni,
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g 1 2 1
/ — .2m:/2 m+//um_
z 6cos?x +4sinx cosx + sin“ x z 6cos2x + 4sinx cosz + sin? x

t = tanx, dz = 1Jr%dt
=|Z —tan% = /3, 5— — 0 =
5+ — —o0, m — tan(m) =0

o0 1 1 0 1 1
= v 5 dt + 5 dt =
V3 61+t2+41+t2+ t +1 0061+t2+41+t2+1+t2 t +1

1412
_ t+2 S
U=, du-\/idt
£ 1 [ 1 1 /[0 1
(:)/ 2dt—i—/ 72dt: \/§—>2+‘/§, 00— 00 | =
2J)3 (122 2 ) (122 V2
+1 +1
V2 2 0 2
—00 — —00, —>\/§
1 = 1 T 2++3 2 T
= — | |arctanu + arctanu‘f>: — — arctan + arctan — + — | =
¢20 bﬁf | Fa v§<2 V2 V2 2)
1 243
= — | m — arctan + arctan v/2
1 1 1+t 1 1 1
) 4 t2+1:6+It+t2't2+1:t2+4t+6dt:(t+2)2+2:
61+t2+ 1+t2+1+t2

1 1

()

[\

Priklad 3 (a) f 6+11cosxtanx

+6 cos? z+cos3 x

1
tanx _1
de =|t= ,dt = —sinadz| = L dt =
/6+llcosx+60052x+cos3ac z=|t=cosz sinzdzl /t3+6t2+11t+6

1 1 1 TR
= dt = 2 _ 2 6 _Sqt=
/Q@+n@+m@+3) /t+1 iv2 Tivs
1 1 1 1
:510g|t+1|—510g|t+2|+610g|t+3|—élog|t|:

1 1 1 1
é510g|cos:c+1]—§log\cosx+2\+6log|cosx+3|—Elog]cosx\

e oo 1 1
<1 1 1
——a————dzr = y—log:cdy——dx2—>log2<>o—>oo dy
2 « log°x+2logx log2y + 2y

Parcialni zlomky:
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1 1

A By+C

v+2  y(?+2) oy
1=Ay*4+2A+ By +Cy=y*(A+C) + Dy +24 —

0=D
1=2A

1 1

3 —3Y lin. 1

2 dy = Z
/y+ﬁ+2y 2/

2

/OO 1 d [1
——dy =
log 2 y3 +2y

VY

= lim log

Y—+00 4 y2+2

1

Y

1 1
éfbﬁm—zbﬁf+2

-1
2

1

Y2 + 2

y*+2

0=A+C

1 2 > VY
og Iyl — L og(y +2>] — gL _| -
4 log 2 VY2 log 2
. VY . 1 y? 1
im log—YY  —0— lim -1 _!
i, o s 0 i og S < g

% 1 1 /1
dy = ’z:y2+2,dz:2ydy‘ :210g|y|—4/zdz:
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